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The ideal magnetohydrodynamic theorem on the conservation of the magnetic connections be-
tween plasma elements is extended to non-ideal relativistic plasmas in curved spacetime. The
existence of generalized magnetofluid connections that are preserved by the plasma dynamics is
formalized by means of a covariant connection equation that includes different non-ideal effects.
These generalized connections are constituted by 2-dimensional hypersurfaces, which are linked to
an antisymmetric tensor field that unifies the electromagnetic and fluid fields. They can be inter-
preted in terms of generalized magnetofluid vorticity field lines by considering a 3 + 1 foliation of
spacetime and a time resetting projection that compensates for the loss of simultaneity between
spatially separated events. The worldsheets of the generalized magnetofluid vorticity field lines
play a fundamental role in the plasma dynamics by prohibiting evolutions that do not preserve the
magnetofluid connectivity.
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I. INTRODUCTION
A cornerstone of nonrelativistic ideal magnetohydro-
dynamics (MHD) is the realization that two plasma el-
ements connected by a magnetic field line at a given
time will remain connected by a magnetic field line at
any subsequent time, provided that the plasma veloc-
ity field remains smooth. This property arises because a
plasma that satisfies the ideal Ohm’s law moves with a
transport velocity that preserves the “magnetic connec-
tions” between plasma elements [1], a result that is gener-
ally expressed by saying that the magnetic field lines are
“frozen” into the plasma. The importance of the mag-
netic field line connectivity stems from the fact that it
imposes strong constraints on the plasma dynamics, in
addition to providing the basis for concepts such as mag-
netic field line motion [1], magnetic topology [2], and
magnetic reconnection [3].
The above ideal MHD theorem can be cast in more
clear mathematical terms [1] by stating that if the ideal
MHD condition E+v×B = 0 is satisfied, where E and
B are the electric and magnetic field and v is the plasma
velocity, then, from Faraday’s equation, it follows that
d(dl × B)/dt = −(dl × B)∇ · v − ((dl ×B)×∇) × v,
where dl is a vector field tangent to a curve connecting
two infinitesimally close plasma elements. Therefore, if
dl is parallel to B at a given time, dl ×B = 0 remains
null at all times, assuming that the velocity field remains
smooth. Although not explicitly covariant, this result
is valid independently of the plasma being relativistic or
not. However, as discussed by Pegoraro [4] for relativistic
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plasmas in the flat spacetime limit, its interpretation in
terms of magnetic field lines alone requires a time reset-
ting of the connected plasma elements in such a way to
restore simultaneity when the reference frame is changed.
For general relativistic plasmas, the ideal MHD theo-
rem on the conservation of the magnetic connections be-
tween plasma elements can be cast in a covariant form,
but its interpretation in terms of magnetic field lines
alone requires a specific 3+1 foliation of spacetime [5], in
addition to the aforementioned time resetting [4]. Given
the ideal Ohm’s law
UνFµν = 0 , (1)
where Uν is the fluid 4-velocity field and Fµν is the elec-
tromagnetic field tensor, the essential equation under-
lying the ideal MHD connection theorem in a general
curved spacetime takes the form [5]
Uα∇α (dlµFµν) = − (∇νUα) (dlµFµα) . (2)
Here, dlµ is the infinitesimal 4-vector separating two
different fluid elements, and ∇ν denotes the covariant
derivative associated with the spacetime metric gµν hav-
ing signature (−,+,+,+). From Eq. (2) it follows that if
dlµFµα = 0 initially, then dl
µFµα will remain null at all
times (regularity properties of the fluid 4-velocity field
are assumed). For a properly defined magnetic 4-vector
Bµ [see Eq. (25) below], the 4-vector event separation dlµ
lies in the 2-dimensional hypersurface formed by the 4-
vectors Bµ and Uµ. This implies that the 2-dimensional
hypersurfaces generated by the 4-vectors Bµ and Uµ are
preserved during the evolution of the system [5–9]. The
magnetic field lines connections are finally recovered in
a chosen reference frame when taking sections of these
hypersurfaces at a fixed time.
Although the ideal MHD condition UνFµν = 0 pro-
vides a simple and effective constitutive relation for de-
2scribing the large scale and low frequency plasma dynam-
ics, it fails to describe phenomena that are allowed by
non-vanishing microscopic effects that can couple to the
macroscopic plasma dynamics. Magnetic reconnection is
a typical example of such multiscale coupling, where the
local violation of the ideal MHD condition couple with
the large-scale plasma motions. There are different non-
ideal effects that can play a decisive role in the plasma
dynamics, such as collisional, thermal-inertial, thermal
electromotive, Hall, or current inertia effects. In these
cases, Eq. (2) is no longer valid and the aforementioned
magnetic connections can be broken. However, for the
flat spacetime limit, it was shown in Refs. [10, 11] that
more general magnetofluid connections can persist even
in non-ideal relativistic plasmas, provided that the evo-
lution of the system is fast compared to the dissipation
timescale. These generalized connections set important
constraints on the plasma dynamics by forbidding transi-
tions between configurations with different connectivity.
Therefore, in this work we aim to derive the generalized
form of such invariants in curved spacetime.
We show that dynamically preserved magnetofluid
connections persist also in non-ideal plasmas in curved
spacetime. In a generalized model that includes thermal-
inertial effects, as well as thermal electromotive effects
and Hall effects, these generalized connections can be
understood through the emergence of an antisymmetric
tensor field that unifies electromagnetic and fluid fields.
We obtain this proof in steps, by first considering a Hall
MHD plasma that encompasses thermal electromotive
effects, and then adding the thermal-inertial effects of
the electrons (and positrons for the pair plasma case).
Throughout this paper, we adopt units such that the
speed of light is c = 1.
II. GENERALIZED OHM’S LAW IN CURVED
SPACETIME
In what follows, we consider a plasma consisting of two
fluids, where one fluid is composed of positively charged
particles with mass m+ and electric charge e, and the
other fluid consists of negatively charged particles with
mass m− and electric charge −e. From the two-fluid
equations in curved spacetime, one can then derive a
generalized Ohm’s law retaining two-fluid effects that are
neglected in general relativistic MHD [12, 13]. As usual,
we define the average and difference variables as follows:
n =
m+n+γ
′
+ +m−n−γ
′
−
m+ +m−
, (3)
p = p+ + p− , ∆p = p+ − p− , (4)
h = n2
(
h+
n2+
+
h−
n2−
)
, (5)
Uµ =
m+n+U
µ
+ +m−n−U
µ
−
n(m+ +m−)
, (6)
Jµ = e(n+U
µ
+ − n−Uµ−) , (7)
where γ′± is the Lorentz factor of the two fluids observed
by the local center-of-mass frame of the plasma, n±, p±,
and h± are the proper particle number density, proper
pressure, and relativistic enthalpy density of the two flu-
ids, respectively, and Uµ± is the 4-velocity (subscripts
+ and − are used to indicate the positively and nega-
tively charged fluids). The 4-velocity Uµ is normalized
as UµUµ = gµνU
µUν = −1. Finally, Jµ is the 4-current
density.
Adopting these one-fluid variables, one can express the
generalized Ohm’s law in curved spacetime as [14, 15]
1
4en
∇ν
[
ξh
ne
(
UµJν + JµUν − ∆µ
ne
JµJν
)]
=
1
2ne
∇µ (p∆µ−∆p) +
(
Uν − ∆µ
ne
Jν
)
Fµν
−η [Jµ − ρ′e(1 + Θ)Uµ] , (8)
where ∇µ = gµν∇ν . Here, ρ′e = −UνJν is the charge
density observed by the local center-of-mass frame, Θ is
the thermal energy exchange rate between the two fluids
[14], and η is the electrical resistivity, which is consid-
ered as a phenomenological parameter in this model. In
Eq. (8), we have also introduced the variables
∆µ =
m+ −m−
m+ +m−
(9)
and
ξ = 1− (∆µ)2 = 4m+m−
(m+ +m−)2
. (10)
Therefore, for an electron-ion plasma we have ξ ≈
4m−/m+, while we have ξ = 1 for a pair plasma.
The derivation of the generalized Ohm’s law (8)
assumes n+ ≈ n− and ∆h ≪ h, where ∆h =
mn2(h+/m+n
2
+−h−/m−n2−)/2 is the difference between
the enthalpy densities of the fluids. We can clearly recog-
nize several terms that are neglected in standard MHD.
The terms in the left-hand side of Eq. (8) are due to the
inertia effects of the electric current. They enter through
the electron rest mass m− and depend also on the tem-
perature via h± = m±n±K3(m±/kBT±)/K2(m±/kBT±)
[16, 17], where K2 and K3 are the modified Bessel func-
tions of the second kind of orders two and three, T±
are the temperatures of each fluid, and kB is the Boltz-
mann constant. The terms with respect to pressure gra-
dients in the right-hand side of Eq. (8) represent the
thermal electromotive force. In an electron-ion plasma
(m ≈ m+ ≫ m−), the thermal electromotive force af-
fects the plasma dynamics essentially through the elec-
tron pressure p−, while in a pair plasma (m+ = m−) it
3comes into play through the pressure difference ∆p. The
fourth term in the right-hand side of Eq. (8) takes into
account the contribution of the Hall effect. This term
vanishes in the pair plasma case (∆µ = 0). Finally, the
terms proportional to the resistivity η represent the fric-
tional 4-force density between the fluids.
If the evolution of the system is fast compared to the
dissipation timescale, the frictional force between the flu-
ids can be neglected. This is the case under typical astro-
physical conditions where the plasma is essentially colli-
sionless. In this case, we can identify important topo-
logical invariants that constrain the plasma dynamics in
curved spacetime by forbidding transitions between dif-
ferent topological configurations. We analyze these topo-
logical invariants in the next two sections.
III. PRESERVED CONNECTIONS IN HALL
MHD PLASMAS
In this section, we focus on collisionless Hall MHD
plasmas. Therefore, we assume that the thermal-inertial
terms are much smaller than the Hall term, which is
retained in Ohm’s law. Furthermore, if the length
scale Lp of plasma pressure variations is such that
(m−/m+)(Lp/Lth)(h/ne) ≪ p, where Lth is the length
scale associated with the thermal-inertial effects, also
pressure gradients terms should be retained. Thus, the
generalized Ohm’s law in curved spacetime reduces to
UνFµν + ∇
µχ
ne
= 0 , (11)
where
Uν = Uν − ∆µ
ne
Jν (12)
is a generalized transport 4-velocity, which takes into ac-
count the Hall effect, while
χ =
p∆µ−∆p
2
(13)
encapsulates the thermal contributions to this re-
duced Ohm’s law. Equations (11)-(13) are gen-
eral to collisionless Hall MHD plasmas in curved
spacetime. It can be shown that under the as-
sumption n− ≈ n+, the transport 4-velocity is
Uµ ≈ (n+/n)
[
(1−m−/m+)Uµ− + (m−/m+)Uµ+
]
, where
n/n+ ≈ (1 − m−/m+)γ′+ + (m−/m+)γ′−. Then, for
m−/m+ → 0 and immobile ions, the transport 4-velocity
becomes Uµ = Uµ−, namely the electron fluid 4-velocity.
The Ohm’s law (11) yields a connection theorem simi-
lar to the one pertaining to ideal MHD in curved space-
time [5–8, 18–20]. Indeed, we can show that Eq. (11)
implies that the electromagnetic field is Lie dragged by
the velocity field Uν , and that the 2-dimensional connec-
tion hypersurfaces generated by the magnetic 4-vector
Bµ and the transport 4-velocity Uµ are preserved during
the evolution of the system. To this purpose, we con-
sider the convective derivative Uν∇ν defined along the
generalized 4-velocity given by Eq. (12). It is straight-
forward to show that the electromagnetic potential Aµ is
convected as
Uν∇νAµ = Uν∇µAν + ∇µχ
ne
, (14)
which follows from the covariant form of the electromag-
netic field tensor Fµν = ∇µAν −∇νAµ = ∂µAν − ∂νAµ.
Then, we can write the convective derivative of the elec-
tromagnetic field tensor as
Uα∇αFµν = Uα∇α(∇µAν −∇νAµ)
= Uα∇µ∇αAν − Uα∇ν∇αAµ
+UαRβνµαAβ − UαRβµναAβ , (15)
where we have exploited the noncommutative properties
of the covariant derivatives. Applying the Bianchi iden-
tity for the Riemann curvature tensor, Rβνµα+Rβµαν +
Rβανµ = 0, together with Eq. (14), we obtain
Uα∇αFµν = (∇νUα)Fαµ − (∇µUα)Fαν + Uα (∇µ∇νAα)
−Uα (∇ν∇µAα)− UαRβανµAβ
+∇µ(1/ne)∇νχ−∇ν(1/ne)∇µχ . (16)
If we assume that an equation of state of the form p± =
p±(n±) holds, then ∇µ(1/ne)∇νχ −∇ν(1/ne)∇µχ = 0.
Finally, exploiting the noncommutative properties of the
convective derivatives, we end up with
Uα∇αFµν = (∇µUα)Fνα − (∇νUα)Fµα , (17)
implying that the electromagnetic field Fµν is Lie-
dragged with the 4-velocity Uµ given by Eq. (12), in-
stead of the fluid 4-velocity Uµ that characterizes the
ideal MHD limit [5, 7, 8, 12, 21].
In order to prove the conservation of magnetic connec-
tions in general relativistic Hall MHD plasmas, let us con-
sider a spacelike event-separation 4-vector dlµ = x′µ−xµ
transported by the 4-velocity Uµ. Simultaneous events
are defined by the vanishing component dl0 = 0 [4, 5]. We
take the convective derivative of dlµ along the 4-velocity
Uµ, which gives
Uν∇νdlµ = Uν∇νx′µ − Uν∇νxµ
= Uν∂νx′µ − Uν∂νxµ + UνΓµνλx′λ − UνΓµνλxλ
= U ′µ − Uµ + UνΓµνλdlλ
= dlλ∇λUµ , (18)
where Γµνλ are the Christoffel symbols associated with
the metric gµν . Then, we can duly calculate the convec-
tive derivative of the quantity dlµFµν by using Eqs. (17)
and (18), which leads us to the connection equation
Uα∇α (dlµFµν) = dlα (∇αUµ)Fµν
+dlµ (∇µUαFνα −∇νUαFµα)
= − (∇νUα) (dlµFµα) . (19)
4Equation (19) shows that if initially we have
dlµFµα = 0 , (20)
and the 4-velocity field Uν remains smooth, then
Uα∇α(dlµFµν ) = 0 at every time, implying that dlµFµα
will remain null at all times. Therefore, the only dif-
ference with respect to the ideal MHD case is given by
the fact that dlµFµα = 0 is preserved by means of the
4-velocity field Uν instead of Uν .
As discussed in Ref. [5], to specify the connection con-
cept in curved spacetime in terms of magnetic field line
connections, we need to analyze Eqs. (19) and (20) in
the 3 + 1 formalism (e.g., Ref. [22, 23]), where the 4-
dimensional spacetime is foliated by 3-dimensional spa-
tial hypersurfaces of constant coordinate time. To this
purpose, we write the line element in the Arnowitt-Deser-
Misner (ADM) form [24, 25]
ds2 = gµνdx
µdxν
= −α2dt2 + γij
(
dxi + βidt
) (
dxj + βjdt
)
,(21)
with latin indices running for spatial components. Here,
α is the lapse function, βµ = (0, βi) is the shift vector,
and γij is the 3-metric tensor on the spacelike hypersur-
faces Σt of constant time t. The timelike unit vector field
normal to Σt is given by a normalized timelike vector field
nµ with the form
nµ = −α∇µt = (−α, 0i) ,
nµ = (1/α,−βi/α) , (22)
which fullfill the normalization condition nµn
µ = −1.
The induced metric on the spacelike hypersurface Σt is
γµν = gµν + nµnν , (23)
which satisfies the orthogonality condition nµγµν = 0.
The hypersurfaces Σt can be viewed as an absolute space
at different instances of time t, while the 4-vector nµ
can be interpreted as the 4-velocity of the local fiducial
observer (FIDO) at rest in this absolute space.
Using the 3+ 1 split of spacetime, the electromagnetic
field tensor is decomposed as
Fµν = Eµnν − Eνnµ − ǫµνρσBρnσ , (24)
where ǫµνρσ = [µνρσ]/
√−g, with [µνρσ] indicating the
fully antisymmetric symbol and g = det gµν . The electric
Eµ and magnetic Bµ 4-vectors measured in the FIDO
frame are
Eµ = nνF
µν , Bµ =
1
2
nρǫ
ρµστFστ . (25)
In this description, both fields are purely spatial, whereby
nµE
µ = 0 and nµB
µ = 0.
We can now determine the connection condition by
substituting Eq. (24) into Eq. (20). This gives us
nµ (dl
νEν)− ǫµνρσdlνBρnσ = 0 , (26)
where we have used that dlµnµ = 0 for simultaneous
events (dl0 = 0). This simultaneity condition does not
affect the generality of the analysis presented here, since
if dl0 6= 0, one can always restore simultaneity between
spatially separated events by performing the transforma-
tion [4] dlµ → dl′µ = dlµ + Uµdλ, with λ indicating a
scalar function, such that simultaneity can be realized
with dl′0 = 0. Indeed, due to the validity of Ohm’s
law (11), this transformation leaves the connection equa-
tion (19) unaltered. We then project Eq. (26) along
the hypersurface-orthogonal (temporal) direction by con-
tracting it with nµ, which gives dlνEν = 0, showing that
the electric field is orthogonal to the event-separation
4-vector. On the other hand, by projecting Eq. (26)
into the hypersurface-tangential (spatial) slice through
the projector tensor γµν = δ
µ
ν + n
µnν , we have
ǫ0ijkdl
jBk = 0 . (27)
Therefore, in the 3 + 1 formalism, and under the simul-
taneity condition dl0 = 0 according to our choice of the
spacetime foliation, the condition (20) is equivalent to
the vectorial condition dl×B = 0 and comprise the con-
dition dl ·E = 0. According to the connection equation
(19), this implies that if dl × B vanishes initially, i.e.
the vector field tangent to a curve connecting two fluid
elements, dl, is aligned with the magnetic field B, the
plasma evolution is such that this property remains pre-
served over time. Hence, an Ohm’s law of the form (11)
for Hall MHD plasmas in curved spacetime does not al-
low the breaking of magnetic connections between fluid
elements, essentially electron fluid elements. Magnetic
reconnection can occur if Eq. (11) becomes invalid, as it
happens if ∆h≫ h [26], or if resistivity is non-negligible.
The condition (20) holds also if dl0 6= 0. In this
case, the 4-vector event separation dlµ remains in the 2-
dimensional hypersurface generated by the 4-vectors Uµ
and Bµ. Therefore, the connected field lines are gen-
eralized in a covariant way by using worldsheets of the
magnetic field lines [5–8]. On the other hand, differently
from the ideal Ohm’s law case, the worldsheets of the
magnetic field lines are advected by the 4-velocity Uµ
instead of the plasma 4-velocity Uµ.
IV. PRESERVED CONNECTIONS IN
EXTENDED MHD PLASMAS
In Sec. III, we neglected all the electron inertia terms
under the assumption that they are much smaller than
the Hall term and/or the pressure gradients terms. How-
ever, when electron current layers become important,
these terms cannot be neglected as they play a crucial
role in the plasma dynamics. Indeed, the finite iner-
tia of the electrons can break the magnetic connections
and magnetic reconnection can take place [3]. Never-
theless, magnetic reconnection mediated by electron in-
ertia preserves other generalized field lines connections.
This property, which is well known in the nonrelativistic
5regime [e.g. 27–31], has been shown to hold in special
relativity [10, 11, 32] with a proper definition of general-
ized electromagnetic fields. Here we show that general-
ized connections can also exist in curved spacetime, and
that they can be interpreted in terms of generalized mag-
netofluid vortex lines when a 3 + 1 split of spacetime is
employed.
For collisionless plasmas (η = 0), we can rewrite the
generalized Ohm’s law (8) as
Jν
ne
∇ν
(
ξh
4ne
Uµ
)
+ Uν∇ν
(
ξh
4e2n2
Jµ
)
=
∇µχ
ne
+ UνFµν , (28)
where we have used the continuity equations∇µ (nUµ) =
0 and ∇µJµ = 0. Following the procedure outlined in
Refs. [10, 11], we can cast the above equation in the form
UνMµν + 1
ne
∇µχ−∇µ
(
ξh
4∆µne
)
= Σµ , (29)
where we have defined the generalized magnetofluid field
tensor
Mµν = Fµν − ξ
4∆µ
Wµν , (30)
with Wµν indicating the antisymmetric flow field tensor
Wµν = ∇µ
(
h
ne
Uν
)
−∇ν
(
h
ne
Uµ
)
. (31)
Furthermore, we have introduced the effective thermal-
inertia 4-vector
Σµ =
ζ
ne
∇µ
(
h
ne
)
+
ξ
4∆µ
Uν∇ν
(
h
ne
Uµ
)
, (32)
along with the scalar
ζ =
ξ
4
(
UµJ
µ − ∆µ
2ne
JµJ
µ
)
. (33)
The generalized Ohm’s law (29) includes all the
thermal-inertial effects, as well as thermal electromotive
effects and Hall effects. The generalized magnetofluid
field tensorMµν represents an effective field tensor that
unifies the electromagnetic and fluid fields. The flat
spacetime limits of this tensor were introduced in Refs.
[10] and [11], for electron-ion plasmas and pair plasmas,
respectively. This tensor is similar in nature (but differ-
ent in structure) to the unified magnetofluid field tensors
introduced in Refs. [33, 34]. As we show below, the
effective field tensor Mµν is instrumental in revealing
topological invariants of collisionless plasmas beyond the
MHD description.
In analogy with the previous section, we look to the
evolution of the effective field tensorMµν . It is straight-
forward to show that the convective derivative of Mµν
along the generalized 4-velocity Uν gives
Uα∇αMµν = (∇µUα)Mνα − (∇νUα)Mµα
+∇µΣν −∇νΣµ , (34)
where we have assumed p± = p±(n±). In order to obtain
the dynamics of the generalized connections, let us con-
sider a spacelike event-separation 4-vector dlµ = x′µ−xµ
that is transported with a general 4-velocity
Vµ = Uµ + Zµ = Uα∇αxµ , (35)
where Zµ is a relative 4-velocity that fulfills the equation
∇µZαMαν −∇νZαMαµ = ∇νΣµ −∇µΣν . (36)
The velocity field Zµ takes into account all the thermal–
inertia information of the plasma fluid that is usually
neglected in simpler models. This velocity depends on
the variation of such effects, and it is used here to prove
the existence of the generalized connections that take into
account such effects.
Now, the connection equation can be readily derived.
We take the convective derivative of dlµ along the 4-
velocity Uµ, which gives [5]
Uν∇νdlµ = dlλ∇λVµ . (37)
Then, using Eqs. (34) and (37), we find that the convec-
tive derivative of dlµMµν follows the equation
Uα∇α (dlµMµν) = − (∇νVα) (dlµMµα) , (38)
which represents the magnetofluid connection equation
in curved spacetime.
Equation (38) shows that if initially we have
dlµMµν = dlµFµν − ξ
4∆µ
dlµWµν = 0 , (39)
and Eq. (36) has a well-behaved solution for the 4-
velocity Zµ, then dlµMµν will remain null at all times.
This implies the existence of 2-dimensional magnetofluid
hypersurfaces that preserve their topology during the
plasma dynamics. In this case, the magnetofluid field
tensorMµν takes the role that the electromagnetic field
tensor Fµν has for the ideal MHD and Hall MHD limits.
Furthermore, the general 4-velocity Vµ takes into account
also the thermal-inertial contributions to the plasma dy-
namics.
To gain further insight on the connections that underlie
the extended MHD plasma, we rely again on the 3+1 split
of spacetime. Therefore, the generalized magnetofluid
field tensor is decomposed as
Mµν = Ξµnν − Ξνnµ − ǫµνρσΩρnσ . (40)
The generalized electric Ξµ and magnetic Ωµ fields are
Ξµ = nνMµν , Ωµ = 1
2
nρǫ
ρµστMστ , (41)
which are both spacelike (nµΞ
µ = 0 and nµΩ
µ = 0).
The generalized magnetic field Ωµ can also be viewed as a
magnetofluid vorticity, since Ωµ includes the contribution
6of the 4-velocity Uν and the thermal-inertial effects, as
given by
Ωµ = Bµ − ξ
4∆µ
nρǫ
ρµστ∇σ
(
h
en
Uτ
)
. (42)
It is the magnetofluid vorticity Ωµ (in place of the mag-
netic field Bµ) that preserves the topology during the
non-ideal plasma dynamics.
The field line connectivity of the magnetofluid vortic-
ity can be shown by choosing the simultaneity condition
dl0 = 0. As explained before, if dl0 6= 0 one can restore
simultaneity by moving the endpoints of the wordline
connecting the two close events along their trajectories
[4]. This is obtained by performing the transformation
dlµ → dl′µ = dlµ+(Uµ+Hµ)dλ, such that dl′0 = 0 in the
adopted spacetime foliation. Indeed, this transformation
leaves the connection equation (39) unaltered whenever
the 4-vector Hµ fulfills the generalized Ohm’s law (29)
[10]. In this case, the 4-vector Hµ can be written as
Hµ = (1/ne)Nνµ∇νχ−Nνµ∇ν (ξh/(4∆µne))−NνµΣν ,
where Nµν is the inverse of Mµν . Therefore, by using
Eq. (40) in Eq. (39) and projecting it into the spatial
slice through the projector tensor γµν , we obtain
ǫ0ijkdl
jΩk = 0 . (43)
On the other hand, the projection of Eq. (39) along
the temporal direction by contracting it with nµ gives
dlνΞν = 0. Thus, in the 3 + 1 formalism and under
the simultaneity assumption dl0 = 0, the condition (39)
is equivalent to the vectorial condition dl × Ω = 0 and
comprise the condition dl ·Ξ = 0. According to the con-
nection equation (38), this implies that if dl×Ω vanishes
initially, the plasma evolution is such that this property
remains preserved over time. The 4-vector event sepa-
ration dlµ remains always in the 2-dimensional hyper-
surface generated by the 4-vectors Vµ and Ωµ. There-
fore, the connected field lines are generalized in a covari-
ant way by using worldsheets of the magnetofluid vor-
tex lines. On the other hand, differently from the ideal
Ohm’s law case, the worldsheets of the magnetic field
lines are advected by the general 4-velocity Vµ.
Finally, we note that the collisionless pair plasma limit
of the generalized Ohm’s law (28) yields an antisymmet-
ric flow field tensor
Wµν/∆µ→ ∇ν
(
h
n2e2
Jµ
)
−∇µ
(
h
n2e2
Jν
)
, (44)
and a generalized 4-velocity Uµ → Uµ. Therefore, also
in this limit the magnetofluid field tensor Mµν is con-
stituted by a combination of electromagnetic and fluid
fields.
V. CONCLUSIONS
In this paper, we have extended the ideal MHD the-
orem on the “frozen-in” property of the magnetic field
lines to non-ideal relativistic plasmas in the presence of
significant gravitational fields. This is indeed important
for plasmas around black holes [e.g. 14, 35–38] or in the
early Universe [e.g. 39–42]. In such cases, general rela-
tivity must be taken into account in the plasma dynam-
ics. Furthermore, local effects that are outside the large
scale and low frequency description of the ideal MHD
theory can drastically modify the plasma behavior [e.g.
14, 15, 43–45], as is the case with magnetic reconnec-
tion. Indeed, the violation of the magnetic connections
due to magnetic reconnection couples to the macroscopic
plasma dynamics and is accompanied by the rapid release
of magnetic energy into thermal and kinetic energy of the
plasma, with a resulting global behavior of the system
that is very different from the ideal MHD predictions.
There are different non-ideal effects that can play a
decisive role in the plasma dynamics, such as collisional,
thermal-inertial, thermal electromotive, Hall, or current
inertia effects. Nevertheless we have shown that when
the evolution of the system is fast compared to the dis-
sipation timescale, there are different topological invari-
ants that take the place of the magnetic field in non-ideal
plasmas. In an extended MHD plasma, the preserved
connections are no longer related to the electromagnetic
field tensor Fµν but to an effective field tensor that uni-
fies the electromagnetic and fluid fields. This generalized
magnetofluid field tensor Mµν allows the extension of
the ideal MHD theorem to plasmas beyond the MHD
description. In the relativistic domain, this means that
there are generalized magnetofluid connections organized
in 2-dimensional hypersurfaces that are dynamically pre-
served. In the Hall MHD limit, these connections are
related to the magnetic field as in the ideal MHD theory,
but they are advected by the 4-velocity Uµ instead of the
plasma 4-velocity Uµ.
The 2-dimensional magnetofluid connection hypersur-
faces can be interpreted in terms of magnetofluid vortex
lines by employing a 3+1 foliation of spacetime into non-
intersecting spacelike hypersurfaces of constant coordi-
nate time and the time resetting procedure introduced in
Ref. [4] to account for the loss of simultaneity in different
reference frames between spatially separated events. This
defines a new generalized vorticity Ωµ = 1
2
nρǫ
ρµστMστ
that encompasses both the magnetic and the fluid fields.
The field lines of this generalized magnetofluid vortic-
ity are preserved by the non-ideal plasma dynamics and
extend the usual magnetic field lines, whose topology is
no more preserved when thermal-inertial effects are in-
cluded. Additionally, the generalized magnetofluid vor-
ticity is advected by a general transport 4-velocity that
differs from the plasma 4-velocity that characterizes the
magnetic connections in the ideal MHD limit.
The conservation of the worldsheets of generalized
magnetofluid vorticity field lines set important con-
straints on the plasma dynamics in curved spacetime by
forbidding transitions between different topological con-
figurations of the magnetofluid vorticity sheets. In non-
relativistic ideal MHD, the preservation of the magnetic
7field topology is directly linked to the formation of elec-
tric current sheets [e.g. 46]. Topological invariants in
nonrelativistic extended MHD models are also thought
to be responsible for the formation of small scale struc-
tures in different nonlinear plasma processes, such as in
magnetic reconnection [e.g. 28]. Therefore, the investi-
gation of topological properties of the generalized mag-
netofluid vorticity in curved spacetime may also provide
further insights into our understanding of the nonlinear
plasma dynamics in strong gravitational fields. More-
over, by forbidding certain class of motions, the topolog-
ical invariants may guarantee the stability of the resulting
solutions.
There are additional non-ideal effects that might oc-
cur in relativistic plasmas, especially in very high-energy
regimes. In those cases, processes such as pair creation
and annihilation, radiation-reaction, and spin effects may
have to be considered in the plasma description. While
the study of those effects is out of the scope of this work,
we observe that a similar analysis could be performed
to find a covariant generalization of the preserved field
connections including those terms. Some of these high-
energy effects can be included in properly redefined gen-
eralized electromagnetic fields or as dissipative processes
in the generalized Ohm’s law [32]. In this case, the analy-
sis presented in this paper remains essentially unchanged,
as it applies to timescales shorter than the dissipation
timescale. For those effects that cannot be included in
the definition of generalized electromagnetic fields in the
generalized Ohm’s law, or that also modify conservation
laws, such as pair production, a more general calculation
could be required. These directions will be pursued in
future works.
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